Bounds are established for the number of generators of the graded homogeneous ideal of a set of points in generic or in uniform position in the projective plane. For n < 11, n points in uniform position must have the "general" number of generators. It is shown by example that this fails for n = 12.
Uniform position was introduced in [7] as a more stringent condition on Z; it is known that v(I{Z)) = N(s) if Z is a set of s points in uniform position and s < 11. If s = 12, then N(s) = 3, but we construct in §2 a set Z of 12 points in uniform position for which v(I(Z)) = 4. Therefore, in a sense, some sets of points in uniform position are "more general" than others. We also establish an upper bound for *>(/(Z)), where Z lies in uniform position:
N{s) < v{l(Z)) <d N{s) -r(l(Z)) -d
For example, if s = 12, this result shows that 3 < v < 4.
The author is grateful to W. C. Brown for many valuable conversations.
Bounds on the number of generators.
DEFINITION. Let Z be a set of s points contained in P 2 = P^2, k an algebraically closed field, and J z its sheaf of ideals. We say Z lies in Let Z be a zero-dimensional subscheme of P 2 of length s. Because the projective dimension of an ideal sheaf in P" is at most n -1, I z has a minimal projective resolution 
localized at (JC 0 , x l9 x 2 ) for /. Since ht/ 2 = 2, r must be a unit, and we may assume in the following that/) = Δ, . EXAMPLE 1.1.1. If Z is a complete intersection of curves of degrees r x and r 2 , then the minimal resolution is the familiar Koszul complex One of the advantages of generic position is that it is preserved under linkage. We say that two closed subschemes Z, Z' of P", equidimensional and without embedded components, are linked via the complete intersection X containing Z and Z' if /(Z) = I(X): I(Z') and 7(Z') = I(X): I(Z), where /(Z) denotes the homogeneous graded ideal of Z, and so forth. The next proposition was essentially known to Apery (see [5] ) and has an elementary proof, which is provided in an appendix for lack of a reference. PROPOSITION Q9 ... 9 x n ] 9 a graded quotient of a polynomial ring, and / contains a non-zero-divisor, then there exists a non-zero-divisor x e / belonging to a set of minimal generators for /. Proof. Let Z be a length s subscheme of P 2 , and r the least degree of a curve containing Z. Let A be a relations matrix for a minimal resolution (1) of J z . We may arrange A such that a u > a l2 > -> α^; then deg/ x = r and/ x is the determinant of a (P -1) X (v -1) matrix whose nonzero entries are of degree at least one. Therefore r = deg/^ > v{I{Z)) -1, i.e. K/(Z)) < r + 1. This is a theorem of Dubreil ([4] , Thm. I).
For points in uniform position, the upper bound of (1.8) can be improved: PROPOSITION 
Let Z be a set of s points in uniform position in P 2 , such that( r γ) + 1 < s < ( r γ) -2 for some r. Then v(I(Z)) < r.
Proof. Let k = ( r 2 2 ) -s; so that 2 < k < r. Suppose v(I(Z)) = r 4 1, and let ^4 be the relations matrix of a minimal resolution (1) of J z . By (1.2), 0 < ay < 2, and a iJ = deg a, 7 . We may assume α n > α 12 > > α 1>r+1 ; then we have
We may also assume a n < a 2l < < α rl . Since deg/ r+1 = r + 1, we have Proof. Set Γ= {Q l9 Q 2 , Q 3 , P v ...,P 10 } and S = {P ll9 P 12 , P 13 ) in (2.1). Since P 1V P 12 , P 13 are not collinear, h\J τ {4)) = 0, i.e. T imposes independent conditions on quartics. Since each point imposes at most one condition, it follows that every subset of T imposes independent conditions on quartics. where deg c tj = 2.
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Suppose there are two quartic curves with no common component containing Z. We may assume they are given by f λ = 0 and f 2 = 0. By (1.3), Z is linked via f λ and f 2 to the complete intersection of the two conies c 13 = 0 and c 23 = 0. EXAMPLE 2.3. A set of 12 points in uniform position in P 2 with K/(Z)) = 4.
We will construct a set Z in uniform position that is linked via two quartics to four points, three of which are collinear. By the preceding argument, we conclude v(I(Z)) = 4.
The following criterion for uniform position will be used below. Construction. Fix a nonsingular quartic C in P 2 and three distinct collinear points Q l9 Q 2 , Q 3 on C. We will show that the general quartic passing through Q v Q 2 , Q 3 , intersects C in Q l9 g 2 , g 3 , P l9 ...,P 13 such that any twelve of P l9 ... ,P 13 lie in uniform position.
The family of quartics in P 2 is parametrized by P 14 , and an 11-dimensional subfamily S passes through Q l9 Q 2 , Q 3 , since it is clear that none of these three points is a base point for quartics through the other two.
The quartics in S missing the point Q 4 , the residual intersection of C and the line L connecting Q l9 β 2 , β 3 , form again an 11-dimensional family S'. Suppose C e S' and C Π C = {Q l9 Q 2 , Q 3 , P l9 ...,P 13 }, counting multiplicities, and that P l9 P 2 , P 3 are colhnear. None of the P t lie on L. P 3 is not a base point for quartics through { Q l9 Q 2 , β 3 , P l9 P 2 }: for example, set L x = P\Q^ where we choose Q t £ P\P 2 , and L 2 , L 3 , L 4 lines containing P 2 , Qj, Q k , respectively, where {/, j 9 
containing (β 1? β 2 , β 3 , P l9 P 2 } but not P 3 . Similar arguments show that none of the six points {Q v Q 2 , Q 3 , P l9 P 2 , P 3 } is a base point for quartics through the other five, so that the six points induce independent conditions on quartics.
Thus there are 8 dimensions of quartics through {P v P 2 , P 3 , βi> £?2> Q3} The choice of a set of collinear points { P l9 P 2 , P 3 } on C \ L is 2-dimensional (since there is a finite choice (four) of three-point sets associated with each line in P 2 ). Therefore there is a 10-dimensional set of quartics C belonging to S' such that the remaining 13 points of the complete intersection C Π C contain three collinear points. We conclude that the general quartic through Q v Q 2 , Q 3 is such that the residual intersection with C does not contain three collinear points.
Showing the general residual intersection contains no six on a conic and no ten on a cubic requires similar arguments; we argue only the latter. Suppose C is a general quartic such that C Π C" = {Q v Q 2 , QP l9 ... 9 P 13 } where {P l9 ... ,P 10 } are situated on a cubic. Since no three of P 1? ...,P 13 are collinear, (2.2) applies to show {β 1 ,...,P 10 } imposes independent conditions on quartics, so that the family of quartics through {(?!,... ,Pio} is one-dimensional. The family of 10-point sets on C lying on a cubic is at most 9-dimensional, therefore the family of quartics through Q l9 Q 2 , Q 3 such that the residual 13 points of C Π C" contain 10 cocubic points is at most 10-dimensional. We conclude that the general quartic through Q l9 Q 2 , Q 3 intersects C in 13 residual points that have no three collinear, no six on a conic, and no ten on a cubic.
Let C be such a general quartic. We will show that any twelve of P l9 ... ,P 13 satisfy the criterion of (2. Appendix. We present a proof of (1.3). Let R be a commutative ring and 
